CERN-TH.6962/93 
USC-93/HEP-S2 
Imperial/TP/92-93/65 
hep-th/9308018 



Chiral gauged WZNW models 
and heterotic string backgrounds 

Konstadinos Sfetsos 
Physics Department, University of Southern California 
Los Angeles, CA 90089-0484, USA 
and 

Institute for Theoretical Physics, Utrecht University 
Princetonplein 5, TA 3508, The Netherlands 

and 

A.A. Tseytlin* 
Theory Division, CERN 
CH-1211 Geneva 23, Switzerland 
and 

Blackett Laboratory, Imperial College 
London SW7 2BZ, U.K. 

Abstract 

We construct new heterotic string backgrounds which are analogous to superstring solu- 
tions corresponding to coset models but are not simply the 'embeddings'of the latter. They 
are described by the (1,0) supersymmetric extension of the G/H chiral gauged WZNW 
models. The 'chiral gauged' WZNW action differs from the standard gauged WZNW ac- 
tion by the absence of the AA-teim. (and thus is not gauge invariant in the usual sense) 
but can still be expressed as a combination of WZNW actions and is conformal invari- 
ant. We explain a close relation between gauged and chiral gauged WZNW models and 
prove that in the case of the abelian H the G/H chiral gauged theory is equivalent to a 
particular (G x II)/H gauged WZNW theory. In contrast to the gauged WZNW model, 
the chiral gauged one admits a (1,0) supersymmetric extension which is consistent at the 
quantum level. Integrating out the 2d gauge field we determine the exact (in a') form 
of the couplings of the corresponding heterotic sigma model. While in the bosonic (su- 
perstring) cases all the fields depend (do not depend) non-trivially on a' here the metric 
receives only one 0{a') correction while the antisymmetric tensor and the dilaton remain 
semiclassical. As a simplest example, we discuss the basic D — 3 solution which is the 
heterotic string counterpart of the 'black string' SL(2,R) x R/R background. 
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1. Introduction 

The Wess-Zumino-Novikov-Witten (WZNW) model is a prototypical example 

of a local field theory which is conformally invariant, i.e. which provides a realisation of 
the conformal operator algebra The G/H gauged WZNW model (or GWZNW) can 
be represented as a particular combination of the WZNW models for a group G and a 
subgroup H. This explains its conformal invariance as well as its relation to a coset 
conformal field theory . Starting with GWZNW it is possible to construct various string 
solutions to the leading order in a' (see, for example, [H fTO] ) : oi' to all orders in a' 



(see, for example, |1TT| [1T2| [|T3i ) . 

One may question if there are other non-trivial combinations of WZNW models which 
also correspond to local conformal field theories and thus generate new string backgrounds. 



A closely related to GWZNW model is the so called chiral gauged WZNW model [p^ 
(GWZNW) in which one does not include the 'counterterm' Tr {AA) in the action 
[Ajn = {A^ A) is a 2d vector field with values in the algebra of H) and thus one has 
only 'chiral' gauge invariance (with gauge parameters constrained to be holomorphic or 
antiholomorphic) . As we shall see below, the action of GWZNW is, in fact, the only 
local modification of the GWZNW action which can also be represented in terms of a 
combination of independent WZNW actions and thus is certainly conformally invariant at 
the quantum level. As a consequence, the cr-model for the coordinates of the group space 



(G) obtained from a GWZNW model by integrating out the 2d gauge field (see fT^ |]T^ for 



particular examples and fT^ for a general case) will also be conformally invariant. 



An interpretation that can be given to a 'product' of WZNW models depends crucially 
on which combinations of fields are treated as 'fundamental' and which - as 'auxiliary' or 
Lagrange multiplier-type variables. Since the actions of both GWZNW and GWZNW are 
local, being expressed in terms of the group variable g and the 2d vector field A^ (with the 
latter having no kinetic term), it is natural to treat A^ as an auxiliary field which should 
be integrated out (without introducing a source term for it) in the path integral. It is 
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within such an approach that the GWZNW model is related to the coset model. Below we 
shall study a possibility to give a similar interpretation to GWZNW ill We shall find that if 
all the fields are treated on an equal footing, i.e. if one admits a possibility of making field 
redefinitions that mix g with A^, then the CWNW models are essentially equivalent to a 
subclass of GWZNW models: {G / H)cwznw can be identified (modulo field redefinitions) 
with the {G/H X H)gwznw- When H is abelian it is possible to establish a more direct 
relation without the necessity to redefine A^'- {G / H)cwznw = [{G x H)/ H]gwznw^ 
where in the GWZNW case the subgroup H is embedded into G x if in a specific way and is 
gauged axially. The latter equivalence provides a general explanation for the observations 
in |T§]|T§ (to the leading order in 1/k) and |T^ (exactly in 1/k) that the 5'L(2,IR)/IR 
GWZNW model is a particular limit of the 5L(2,IR) x IR/IR GWZNW (or 'black string' 
model. 

Our interest in the GWZNW models, besides their importance as bosonic models with 
exact conformal invariance (and in connection with 0{d,d) duality which seems to relate 
different 'mixtures' of WZNW models, see e.g. []T^[^|2^]) was originally motivated by a 
desire to understand if they can be used for a construction of heterotic string backgrounds 
which are not simply the embeddings of (1, 1) supersymmetric coset solutions. As we 
shall show, this is indeed the case: GWZNW model has a consistent (1,0) supersymmetric 
generalisation and may thus serve as a basis for a non-trivial heterotic string world sheet 
theory. 

The question about heterotic string solutions related to coset models was recently 



discussed in where it was pointed out that the direct (1,0) truncation of the (1,1) 
supersymmetric gauged WZNW model does not correspond to a consistent heterotic string 
background since the resulting 2d theory is anomalous (the fermions couple chirally to 
the 2d gauge field which is integrated over in the path integral). It was suggested to 



^ We shall mostly consider CWZNW models in the cases when the 'left' and 'right' subgroups 
are the same. We disagree with the claim [|l4| that the CWZNW model with Hl = Hr = H is 
equivalent to G/H or GWZNW model. 



cancel the 2d gauge anomaly by introducing an additional world sheet coupling term which 
corresponds to a non- vanishing target space gauge field background [|2|. As a result, 



the theory becomes effectively (1,1) supersymmetric and can be interpreted as a coset 
model superstring solution embedded into the heterotic string theory. Because of (1,1) 
supersymmetry the background fields are then not modified by a' corrections |T^ 

The key observation made below is that it is possible to construct closely related but 
non-trivial (1,0) supersymmetric model by giving up the 2d gauge invariance already at the 
classical level and replacing the gauged WZNW model by the chiral gauged WZNW one, 
i.e. by using the (1,0) supersymmetric CWZNW as a starting point for a construction of 
a heterotic cr-model which has an exact conformal field theory interpretation. Practically, 
this means setting to zero the coefficient of the AA-tjpe term in the GWZNW action 
or, equivalently, adding the anomalous gauge degree of freedom to the set of dynamical 
variables and thus remaining on the target space of dimension equal to dim G (and not 
to dim G/H). Then no inconsistency appears at the quantum level. In contrast to the 
GWZNW case, the world-sheet theory here has only (1,0) (and not (1,1)) supersymmetry, 
the target space dimension of the corresponding heterotic cr-model is D = dim G and the 
background metric receives 1/k (or a') correction. The first possibility for a non-trivial 
solution is thus in D = 3, corresponding, e.g., to G = 5'L(2,1R) and i7 = IR. From the 
point of view of the heterotic string theory, this D = 2> model is the simplest yet basic 
example, similar to what the 5'L(2,1R)/IR D = 2 'black hole' is for the bosonic or (1,1) 
supersymmetric string theory. 

We shall start in Section 2 with a description of the path integral formulation of the 
GWZNW and CWZNW models clarifying their close connection. We shall establish their 
formal equivalence relation (eq.(2.22)) and illustrate it by computing the central charges. 
In Section 3 we shall compare the expressions for the Hamiltonians of the corresponding 
conformal field theories demonstrating that the CWZNW Hamiltonian is different from 



the combination of the standard Hamiltonians of the 'left' (G/Hl) and 'right' {G/H^) 
coset models. In Section 4 we shall consider the case when the subgroup H is abelian and 
identify G/H CWZNW model with a particular axially gauged {G x H) /H WZNW model. 

The (1,1) and (1,0) supersymmetric versions of CWZNW theory will be discussed in 
Sections 5 and 6. We shall first review the manifestly supersymmetric path integral quan- 
tisation of the (1,1) GWZNW and then apply a similar approach to the CWZNW case 
(discussing also the component formulation). In Section 6 we shall treat the case of (1,0) 
supersymmetric CWZNW model, establishing, in particular, the expression for its effective 
action which, in contrast to the (1,1) supersymmetric case, will contain a quantum correc- 
tion term. Finally, in Section 7 we shall apply the effective action approach ||26|| ||27|| p5|] ||T7| 



to derive the exact (in 1/k) form of the background fields of the corresponding heterotic 
string solutions and present the first non-trivial D = 3 example which is similar to the 
S'L(2,IR) X IR/IR GWZNW model. Section 8 will contain some concluding remarks. 

2. Gauged and 'chiral gauged' WZNW models 

2.1. Path integral 

Consider the classical action of the form 

Ia{g, A) = loig, A) + ^j d^z Tr (AA) , (2.1) 

where A = Az, A — Az, a is a constant parameter and Io{g,A) is the gauged WZNW 
action g [g8 



Igwznw =Io{g:A)=I{g) + ^ J d^z Tr {Adgg-^ - Ag-^dg + g-^AgA - AA) , 
1(9) = ^ld'zTT (dg-'dg) + / Tr {g-'dgf . 



(2.2) 



The action ( p.2| ) is invariant under the standard vector gauge transformations (A, A take 
values in the algebra C{H) of the subgroup H) 

g^u'^gu, A^u~^{A-d)u, A^u~^{A-d)u , u = u{z,z)eH. (2.3) 
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For a = 1 the action (2.1) is the CWZNW action of [||T5 

IcwzNW = h{9.A) = I{g)+'^ j cfzTY {Adgg~^ ~ Ag-^dg + g-^ AgA) . (2.4) 

This action is invariant under the foUowing gauge-type transformations 

g^u'^gu, A^u~^{A-d)u, A^u~^{A-d)u, 

(2.5) 

u = u{z) G -ff , u = u{z) G H . 

In general one can consider the 'left' and 'right' subgroups of G to be different, i.e. u G 
Hr, u G Hl, a G C{Hr) and A G C{Hl) with Hr ^ if^.i Since the chiral gauge 
transformations do not actually eliminate dynamical degrees of freedom (since u and u are 
holomorphic and antiholomorphic functions) it is more appropriate to consider them as 
global symmetry transformations of the action ( |2.1| ) with a = 1. 

Parametrising A and A in terms of h and h which take values in H 

A = dhh-^ , A = dhh-^ , (2.6) 



one can use the Polyakov-Wiegmann identity |2^] to represent the action (^^1]) in terms of 



one WZNW action corresponding to the group G and two WZNW actions corresponding 
to the subgroup H, 

h{g, A) = I{g) - I{h) + a [ m - lih-') - iCh) ] , 

(2.7) 

g = h ^gh , h = h . 

Clearly, the action ( p.l| ) (or equivalently (P7?|)) is classically conformally invariant for 
any value of a. However, it is only for a = or a = 1 that /„ reduces to a sum of WZNW 



^ In our notation the 'left' and 'right' in the group action sense and the world sheet (z, z) sense 
are 'cross-related' in the action (but not in the Hamiltonian) , i.e. Hl acts from the left not on g 
but on . 



actions for independent fields and only in these two cases it is obvious that conformal 
invariance is preserved at the quantum level. § Namely, we find 

a = : Io = Igwznw = I{g) - l(h) , (2.8) 

and for 

a - 1 : /i = IcwzNW - I{g) - I{h^^) - I{h) ■ (2.9) 

For the same values of a an extra local or 'semi-local' symmetry appears in ( |2.7| ) which 
corresponds to the gauge symmetries ( |2.3| ), ( |2.5| ) : 

a = : g u'^gu , h u^^h , h — * u~^h , u = u{z^ z) E H 

(2.10) 

a = 1 : g ^ u ^gu , h ^ u , h u , u{z), u{z) E H . 
For all other values of a the above symmetries degenerate to global ones with constant 
transformation parameters. It is clear that ( |2.9| ) (but not ( p.8|) ) admits a straightforward 
generalisation to the case when h and h belong to diffent subgroups and Hl of G. 
The corresponding path integral has the form 



Zp= [dg][dA][dA]exp[-kIa{g,A)] 

. (2.11) 

= Jo y [dg][dh][dh] exp{-klCg) + {k + 2gH)/(/i) - p[/(/i) - I{h~^) - /(/i)]} , 

where p = ak — 2qg}i and gn is the dual Coxeter number for the subgroup H. We have 
used the fact that there exists a freedom of introducing a local counterterm ~ g Tr {AA) 
in the definition of the Jacobian 

J = det D{A) det D{A) = Joexp{2gH[ I{h~^h) + - [ d^zTr (AA) ]} , 

^ J (2.12) 

Jo = [ det dd , 



^ Let us note that in the acse of the abelian H the action (2.1) can be interpreted as a gauge- 
fixed form of the action of the G x H/H GWZNW nodel with a being related to the parameters 
of embedding of H into G x H (see eq. (4.5)). Being understood in this way, the action (2.1) 
corresponds to a conformal theory for all a. In particular, the cr-model obtained by integrating 
out A, A should also be conformal invariant for any a. An example of such theory is provided by 
the S'L(2,]R) x IR/IR GWZNW model (the conformal invariance of the associated cr-model was 
checked at the two-loop level in |30| ). 
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of the transformation from A, A to h, h. In the GWZNW case q is chosen to be zero in 
order to preserve the vector gauge symmetry ^ . In the CWZNW case the natural choice 
is the 'left-right decoupled' one q = —1, i.e. J ~ exp{2gH[/(/i"^) + l^{h)]} |jT^. It is only 
for the two values of p 

p = : Zq = Zgwznw = y ['^9][dh] exp[-SGwzNw{g, h)] , 
Sgwznw = kl{g) -{k + 2gu)I{h) , 



(2.13) 



and 



k + 2gH : Zi = ZcwzNW = "^0 y [d9][dh][dh] e:x.p[-ScwzNwig, K h)] 

scwzNw = km -{k + 2gH) [i{h-^) + im , 



(2.14) 



that the resulting quantum theory reduces to a combination of independent WZNW the- 
ories and therefore is guaranteed to be conformally invariant. In fact, a formal proof of 
conformal invariance for the theories ( |2.13| ) and (|2.14|) reduces to that for the WZNW 
model and an observation that conformal invariance (or UV finiteness) property is essen- 
tially preserved under field redefinitions. 

The quantum effective actions corresponding to GWZNW (^3) and CWZNW 



models are obtained (up to a non-local field redefinition p3| which we shall ignore) by 



replacing k and —khyk + gQ and —k + gu in ( p.l3| ) and ( p.l4| ) (or by multiplying the G 



(2.15) 



and H terms in (|2J) and (|J) by k + go and k + gn) [H |23] |25| [|T7| 
^GwzNwig, A) = {k + gG)I{h-^gh) - (/c + gu)I{h~^h) 

= (/c + gG)lGWZNw{g, A) + (gG - gn)^iA) , 

and 

rcwzNwig, A) = {k + gG)I{h-'gh) ~{k + gn) [I{h~') + /(/i)] 

= (k + gG)IcWZNwig:A) + (gG -gH)['^(^) +^^(-4)] , 

where Q{A) is a non-local gauge invariant functional of A and A, 

n{A) = I{h-^h) = uj{A) + u}{A) + ^ J (fzTr (AA) , (2.17) 



(2.16) 



and the functionals u and u are given by 

.iA) . = -\j<i^zT. {Ia^A + IaiIa, Ia] + 0(A^)} , 

1 /• 1-/9 1-1/9 

^(A) = /(/.) = y rf^z IV {-A^A - -A[^A, ^A] + 0{A^)} . 

As at the classical level, the effective action of the CWZNW is obtained from the effective 
action of GWZNW by dropping out the AA-terms (which, of course, were crucial for gauge 
invariance of ( p.2| ) and ( p.l5| )). 

Let us note that in the general case of 7^ when h and h belong to Hfi and Hl 
the action Scwznw in ( P-14|) and Jo in (|2.12| ) are replaced by 



ScwzNW = kl{g) -{k + 2gn^)I{h~^) - {k + 2gnJI{h) , (2.19) 

and 

JorJol = ( det d)'^"n{ det df"^ . (2.20) 

Eq. ( |2.20| ) implies that if dim Hji 7^ dim Hl the numbers of the 'left' and 'right' bosonic 
degrees of freedom do not match and the theory is thus really 'chiral' in the 2d sense, i.e. 
it has a Lorentz anomaly on a curved 2d background. Using it to construct a consistent 
string theory, one needs to compensate the anomaly by introducing extra chiral degrees of 
freedom. 

2.2. Relation between 'chiral gauged' and gauged WZNW models 



The models ( |2.8| ), (|2.9| ) or ( |2.13| ), (|2.14| ) are particular representatives of a general class of 



models which can be called 'twisted' products of WZNW models, 

N 

S = Y,^^IgM) , (2-21) 

1=1 

where Id stands for a WZNW action for a group Gi] the arguments are related to some 
'original' variables gi by field redefinitions respecting global symmetries (e.g. cji are given 
by particular products of some gi). Such models are conformally invariant and unless 



there are some 'accidental' gauge symmetries (as in the case of GWZNW) they can be 
represented as a-models on the target space (of dimension J2iLi equivalent to 

the direct product of the group spaces. For example, in the GWZNW case ( |2.14| ) we can 
parametrise g,h,h in terms of local group coordinates Xg,Xh,Xj^\ then the coordinates 
corresponding to g in ( |2.7| ) {g = exp(T • Xg)) are given by a local transformation of 
Xg, Xhi Xj^. As a result, the action ( |2.14| ) will take the form of a a-model on the group 
space G x Hl x represented in terms of 'transformed' coordinates. 

All becomes less trivial once we decide to treat some subsets of the fields among gi as 
more 'fundamental' than others (by constructing observables in terms of them only, i.e. by 
introducing sources in the path integral for them only). Such a split may be motivated by 
locality considerations: one is prompted to treat h and h in (|2.8|),( |2T9D as auxiliary fields 
(which should be integrated out first) by the observation that being expressed in terms of 
the corresponding currents A, Am (|2.6| ) the classical actions ( |2.2| ), ( p.4| ) are local (while 
they are non-local being expressed in terms of the current corresponding to g). Another 
possible reason may be the elimination of negative norm fields associated with the negative 
sign terms in ( ^.21| ) (as in the case of the GWZNW models). 

Once one first integrates over a subset of 'aixxiliary' fields {2d gauge fields in the 
case of GWZNW and GWZNW models) one induces (on a curved 2d background) the 
dilaton term in the effective action. The dilaton term is necessary in order to preserve 
the Weyl invariance of the resulting lower dimensional a-model 0. Thus the appearance 
of the dilaton can be considered as an artifact of concentrating on an 'intermediate' (or 
'reduced') theory with a smaller number of fields than the original one. 

If one does not make a separation into 'fundamental' and 'auxiliary' fields one may 
be able to establish various formal equivalences between the models in (|2.7|) . For example, 
as we will show below, the G/H chiral gauged WZNW model can be represented as the 
gauged WZNW model for the coset (Gk/Hk) x H-k-2gii in the sense that the correspond- 
ing quantum actions in ( |2.13| ) and (|2.14| ) are related by a field redefinition. This is not 

9 



too surprising since at the level of the path integral ( 2.13 ), ( p.l4|) the two theories are 



represented by combinations of WZNW models that can be directly related. 
To demonstrate the formal equivalence 

{Gk/ HkjCWZNW = [{Gk/Hk) X H_k-2gu\GWZNW 

(2.22) 

= [Gk X H-k-2gii X H-k-2gii]wZNW , 

let us start with the quantum effective CWZNW action ( |2.16| ) and represent it as a sum 
of the quantum actions for the Gk/Hk GWZNW and H-k-2gH WZNW by making a field 
redefinition 

TcwzNwiG/H) = {k + gG)I{h~^9h) -{k + gu)[I{h~^) + IW] 

= [{k + gG)I{u-^fu) -{k + gn)I{u-^u) ]-{k + gu)I{v) (2.23) 

= ^GWZNw{Gk/Hk) +rwzNw{H-k-2gH) , 

where f E G, u,v E H and 

g = u'^fuv-^ , h = u-'^u , h = v . (2.24) 

The same equivalence relation is true also between the classical actions in (2.2) and (2.4) 
and the 'quantum' actions in (2.13) and (2.14). The fields of CWZNW are obviously in- 
variant under the gauge transformations of the fields (/, w, -u) of G/H GWZNW. Since 
transformation ( p. 24 ) mixes different fields the 'intermediate' a- models obtained by inte- 



grating out the gauge fields, in the GWZNW and CWZNW models will, in general, be 
different .0 

In the case when H is abelian it is possible to establish a more explicit equivalence 
between the G/H GWZNW and axially gauged {G x H)/H WZNW models with a specific 
embedding of H (see Sect. 4). In this case the gauge fields are not transformed and thus 
the corresponding cr-models (with G as a configuration space) are equivalent. 



^ For example, the SL(2, IR)/IR x IR GWZNW theory reduces to the 'uncharged black string' 
D = 3 (j-model pl while S'L(2,IR)/IR CWZNW theory gives a 'charged black string' D = 3 



(j-model 1T|][|7|. 
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In contrast to G/G GWZNW model which is topological and therefore trivial from the 
a-model pont of view, the G/G GWZNW model is non-trivial and equivalent to G-k-2go 
WZNW model. In order to prove that one uses the expression for the a-model obtained 



from a general GWZNW model after integrating out the gauge fields [|T^. One can show 
that H = G it takes the form of the cr-model appropriate for the G-k-2^0 WZNW 
theory. This conclusion is of course in agreement with ( |2.22| ). 

The equivalence (p.22| ) implies that if G and H are compact the resulting GWZNW 
model will contain dim H negative norm fields (or 'times') and therefore the physically 
interesting case is only that of an abelian H with dim H = 1 (the models considered in 
T^[]T^[|T^ belonged to this class). 



2.3. Central charge 

The formal relation ( p.22| ) between the path integrals of GWZNW and GWZNW models 
implies the equality of the corresponding central charges. Adding the quantum shifts to the 
levels, kl{g) {k + gQ,)I{g), kl{h) — > {k + gii)I{h) and accounting for the Jq contribution 
in (|2.12| ) it is straightforward to compute the values of the central charges for GWZNW 
( CT) B and GWZNW (|2Tl models {do = dim G, dn = dim H): 



r (n/u\ fcc/c {-k - 2gn)dH „, kdg kdn _ 

'^GWZNWK'^ n) — — h 7 — ; r— Mh = 7— 7— = ^G/H , 

k + gG {-k - 2gH) + gH k + gG k + gn ' 

(2.25) 

and 

r (niu\ , o {-k-2gn)dH „, ^ (-fc - 2gH)c^H 

GcwzNw[G n) = — h 2— — — ZdH = Gq/h + i—j ^ — r- ■ 

k + gG {-k - 2gH) + gH {-k - 2gH) + gH 

(2.26) 

As a result, the G/H GWZNW model has the same central charge as the (Gk/Hj.) x 
if_fc_2gH GWZNW model (and, in particular, it cannot be equivalent to G/H GWZNW 
model, cf. 10). If H is abelian, gn = and ( |2.26| ) is equal to the central charge of the 
Gk WZNW model. 
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In the case when h and h belong to different subgroups Hji and of G one finds 
from (|2.14| ) , ( |2.2q ) , ( p.l9| ) the foUowing expression for the central charge of C WZNW i 



'^CWZNW = 1— H 7 — ; 7— h 7 — ; r— (Ihl — (^Hr ■ l^-^'J 

/c + gG (-/c - 2gH J + gHL (-A;-2gHR)+gHR 

This expression is equal to the central charge of the Gk x {HL)_k-2gHi^ ^ (-f^-R)-A;-2gHH ^ 
WZNW model (or of the {G/HL)k x {HR)_k-2g^^ x R'^^^-'^^h GWZNW 
model or of the {G/HR)k x {HL)-k-2gu^ x R'^^k-'^^^ GWZNW model) but is different 
from the central charge of the direct product of the 'left' and 'right' parts of the G/Hr 
and G/Hl GWZNW models (cf.0]). In the latter case the central charge is 

C - -^CaiH. + -Ca/H^ - - - - - . (2.28) 

Note that extra 'one-halves' in front of the and Hn contributions do not actually 
appear in GWZNW (the gn contributions from the Jacobians appear in ( p.l4|) with the 
same coefficient as in GWZNW). As we shall see in the next section, the Hamiltonian of 
the GWZNW model is also different from the naive combination of the left part of the 
Hamiltonian of the G/Hl with the right part of the Hamiltonian of the G/Hr GWZNW 
models. 



3. Hamiltonians 

The form of the stress tensor for the GWZNW and GWZNW models can be easily 
read off from (|2.13| ) , (|2.14| ) by replacing each WZNW action by the bilinear products of the 
corresponding currents (since the WZ-term does not depend on the world-sheet metric). 
The zero mode of the Too-component of the classical stress tensor is the Hamiltonian 
H = Lq + Lq associated with the classical action (|2.8|) or ( p.9|) . The zero mode of the 

^ This is the expression for the Weyl anomaly coefficient, i.e. for the 'left' plus 'right' central 
charge C = ^{Ci + Cr)- As we have mentioned above, the theory contains also the Lorentz 
anomaly, proportional to |(Cj — Cr) = — . 
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quantum stress tensor is the Hamiltonian associated with the quantum effective action 
( ^■15| ) or ( |2.16| ) with shifted /c's. The ' J'^' structure of the Hamiltonian foUows from the 
similar structure of the action in the Id dimensional reduction limit (in which the WZ-term 
in the action does not contribute). For example, 



S = kola - kHjH^ - knjHR ^ n = - -t—Jh^ - J—Jhu ■ (3-1) 



It is instructive to derive the general expression for the Hamiltonian corresponding to 
the theory ( |2.1J ) supplemented by extra A'^ and A'^ terms. Such terms are not Lorentz 
invariant but they can be considered as originating (in the d = 1 reduction limit relevant 
for the derivation of the zero mode Hamiltonian) from the Lorentz invariant non-local 
terms A(d/d)A + . . . and A{d/d)A + . . . which appear in the quantum effective action of 
the GWZNW and CWZNW models (see (|2J5D , (|2J6D , (7.3)). 



Let us start with the following action 

I = I,{g,A) + - [ d^z Tr {aAA + Ua^ + ]-hA^) , (3.2) 
n J 2 2 

where loig, A) is the GWZNW action ( |2.2| ). When a = l,n = m = this is the classical 
CWZNW action (U). The case of 

a = -6, 6 = 6=-^-!^, (3.3) 

k + gG 



corresponds to the quantum GWZNW effective action |^ , whereas the case of 



a = l, 6 = 6=-^-^, (3.4) 

corresponds to the quantum CWZNW effective action . Let us find the classical Hamil- 
tonian Ti. of the model ( p.2| ) treating A, A as non-dynamical fields that should be eliminated 
at the end. One should express Ti. in terms of currents that should satisfy proper Poisson 
bracket current algebra relations as in the WZNW model (see e.g. ||31|]). These are the 
left {g''^dg) and right {—dgg^^) currents expressed in terms of momenta (which will now 
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contain A, A so that the currents will also depend on A, A). Let Jq, Jg and J/f, Jh denote 
the currents corresponding to G and H. In what follows we shall switch to the component 
notation: = (J^), Jh = {Jfi), ^ = A"" A^ = - Tr (A^), etc. Then H wiU be given 
by (we rescale H. by the factor of 2 and omit obvious factors of l/(/c + go) and I/tt ) 

n = \jl + \jG- 2JhA - 2JhA + 2(a - 1)AA + {b + 1)A^ + (b+ 1)A'^ . (3.5) 



For a = b = b = one obtains the Hamiltonian for the classical WZNW action ( |2.2D |[3l 

^0 = ^4 + - ^JhA - 2JhA + {A- 1)2 . (3.6) 

In contrast to ( |3.6| ) where the A^-term is singular (as a consequence of the gauge invariance 
of the GWZNW action (|27^)) it is straightforward to eliminate A, A from (p?5D. The 
singular case (|3.6|) can then be defined as the limit a, 6, 6 — > (in this way one is able 
to avoid the complications (due to constraints) dealt with in ||31[]). We find (using that 

^ = 4 + xt -2(a - 1)JhJh + {b+ l)Jl + {b + 1) ] , 

^ (3.7) 

A = (a-l)2-(6+l)(6+l) . 
The 'determinant' A is singular both in the classical (a = 6 = 6 = 0) and quantum 
(—a = b = b) GWZNW cases. To reproduce the well-known expression for the GWZNW 
Hamiltonian from ( |3.7| ) let us consider the following limit: 6 = 6, a = —b + e, A = 
-2(6 + l)e + 0(e2), e ^ 0. Then 

Ti-GwzNw = Jg '^'^^JhJh ~ —{Jh + Jh) ■ (3.8) 

To get a non-singular Hamiltonian one is to restrict it to a gauge invariant subspace on 
which Jh + Jh = 0. Then ( p.8|) reduces to the standard expression! 

T^GwzNw = Jg - Tm''^H = Jg - , , Jh ■ (3-9) 
+ J- + gH 



^ The singular term in ( p. 8] ) can be thought of as giving rise to a (5-function in the path integral 
approach. 
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The CWZNW Hamiltonian (a = 1, 6 = 6, A = -(6 + 1)^) is given by 

'HcwzNw = Jg~ t~^{Jh + Jr) 

^^^^ (3 10) 

2^^ k + gn""^ 2^^ k + g^ 



In contrast to the GWZNW case (|3.9| ), here there is no need to restrict to a sector in 



which Jh + Jh = 0. One can show [^5[[|T^ that the a-model expressions for the metric 



and dilaton obtained using the quantum effective actions (|2.15|) , ( p.l6|) coincide with the 



corresponding expressions obtained in the operator approach using the Hamiltonians ( |3.8|) , 

As we have noted aheady, the structure of TicwzNW directly reflects the structure 
of the action in ( p.9| ) and (|2.14| ). According to the relation (p.22| ) it is possible to identify 
the CWZNW theory with the GWZNW theory for the product (G/H) x H under a proper 
definition of the currents. Namely, it should be possible to introduce the new currents J'q, 
J'g^ J'h^ J'h^Jh, J h such that on the subspace of states satisfying J'^ + J'^ = eq. ( |3.10| ) 
takes the form 

^ r ./2 k + gG ^,2 1 + gG 72 /OTTN 

ricwzNW = {Jg- 1—, -'h \ - 1—, -'h 5 l^.iij 

fi^ + gH fi^ + gH 

where we have used the fact that Jfj = J^h- Here the first and second terms represent 
the Gk/Hk and if_fc_2gH factors in (|2.22|) . 



The Hamiltonian ( |3.1C1| ) has an obvious generalisation to the case of the different 'left' 
and 'right' subgroups and H^i 

T-icwzNw = lA^G-'^ TTV^'^^L ] + 9[ -^G - 2 . Jru ] ■ (3-12) 

^ «^ + gHL ^ 1^ + gHR 

This expression is different from the straightforward combination of the 'left' part of the 
Hamiltonian of the G/H^ GWZNW with the 'right' part of the Hamiltonian of the G/H^ 
GWZNW 

= \Hgwznw{G/Hl)]i + \HGwzNw{G/Hii)]r 

Ir t2 ^+gG ,2 1 Ir t2 ^ + gG y2 i ^^"^^^ 



-2^'^<^~kT^J^^^^2^'^^-kT^J^ 
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The difference is due to the crucial coefficients 2 in front of the subgroup current terms 
in the CWZNW case. We already noted a similar difference in the values of the central 
charges. 

In the case when is different from Hji it is not clear how to interpret CWZNW 
in terms of a particular GWZNW model. At the same time, the path integral analysis of 
Sect. 2.1 implies that this model can be represented as the Gk x {Hl) _k-2gHj^ x (-f^fl)-A;-2gHj^ 
WZNW model. That means that while for generic values of a, 6, b the Hamiltonian ( |3.5| ) 
should not correspond to a conformal theory, the CGWZW Hamiltonian ( |3.12| ) should. One 
may question how the structure of (3.11) is consistent with the known fact that the only 
(relevant in the present case) solutions of the affine - Virasoro master equation |]33[ 



are 



represented by coset (GWZNW) models. The answer is again implied by the structure of 
the path integral ( ^.14| ) (with h and h now belonging to and Hl): it should be possible 
to define the holomorphic and antiholomorphic currents J'q, J'h^^ J'hr ^'g^ '^'hl^ '^'hr 
such that in terms of them (3.12) takes the form of the Hamiltonian of the three WZNW 
models 

HCWZNW ^ni+nr = JG- - 

_ 1 2 /c+gG j,2 k + gG ;2 . 

1 -,2 k + gG j,2 k + gG j,2 1 

^ ^ + Shl ^ + SHr 

The new currents should directly correspond to the redefined variables g = h~^gh, hu = 

h~^, Hl — h in terms of which the path integral ( |2.14| ) factorises. 

4. The case of the Abelian subgroup H 

In this section we shall prove that the chiral gauged WZNW model with abelian Hl = 
Hn = H is, in fact, equivalent to a specific (axially) gauged WZNW model {G x H)/H 
with a particular embedding of the subgroup H into G x H. The basic idea is to 'cancel' 



the AA-teim in the GWZNW action (|2.2| ) in order to make it look like the CWZNW action 
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( p.4|) . This is achieved by introducing extra if-degrees of freedom coupled to AA and then 
gauging them away. To make this idea work one is to consider GWZNW with an axially 
gauged abehan subgroup. In this case the action (cf. 



/S™vk(^7,^)=/(^7) + - / d^zT^r {Adgg-' - Ag-'dg + g-'AgA + AA) 

^ J (4.1) 

= I{h-^gh) - I{hh) , 

computed for g = I does not vanish but is proportional to the integral of Tr (AA). Let 
us consider the (G x H)/H axially gauged WZNW theory and represent the elements of 
G X H as block-diagonal matrices 

g = diag(fif, ho) , ho = diag(pi, . . . ,Pr^) , Pa = ex.p{yaTa) , (4.2) 

where g belongs to G and ho is from H. An element of the abelian subgroup H (which we 
can take, without lack of generality, to be generated by the maximal abelian subalgebra of 
the algebra of G) of G x if can be represented in the form 

h = diag(/i, h') , /i = exp(^ x„T„) , h' = diag(/i, . . . , /^^) , = exp{naXaTa) , 

a=l 

(4.3) 

where Ta are the generators of the abelian group H and Ua parametrise the embedding 
of H into G X H. Our aim will be to prove that there exist an embedding such that the 
quantum effective action of {G x H)/H GWZNW model in the axial gauging (the analog 
of ( p.l5|) ) is equal to the quantum effective action ( |2.16| ) of G/H GWZNW model, i.e. 



(gH = 0) 

'^GWZNwi'^ X H/H) = TwzNw(h ^gh) — TwzNw{hh) 

= ^wzNw{h ^gh)—TwzNw{h ^) — TwzNw{h) (4.4) 
= '^cwzNw{G/ H) . 

In the large k limit this relation implies the equivalence of the corresponding classical 
actions ( [4.1| ) and ( p.9|) (of course for abelian H only). The GWZNW action is invariant 
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under the gauge transformations: g ugu, h uh, h u^^h, where u = u{z,z). 
Therefore we can prove ( [4.4|) in any gauge. It is convenient to fix the gauge so that 
g = diag((7, 1). Then computing the GWZNW action ( |4.4| ) using ( f4.3| ) we find 



J- GWZNW {G X H/H) = [ik + gG)I{h-'gh) + KHfa^'fa) ] 

a=l 

-[kI{hh) + Y,k'JifJa)] (4.5) 

a=l 

= [{k + gG)I{h-^gh) - kl{h-^) - kl{h) ] - - 5^(2A;>2 + fc) / (fzA'^A'' . 

^ a=l 

Here k and k'^ are the coefficients of the WZNW actions corresponding to the G and H 
factors in the product G x H, i.e. the central extensions in the current algebras defined 
in G and for each factor in H. Also, A°- = 9x", A"- = dx"', Tr (TaTi,) = —6ab and we 
have used that in the abelian case the WZNW action contains just the quadratic term, i.e. 
I{h) = I{h"^). Choosing the embedding parameters that satisfy 

2k'^nl + k = 0, Va = l,...,rH, (4.6) 

we get the desired equality ( ^I^) . Eq. (4.6) implies that if k is positive, all k'^ will be 
negative, i.e. the coordinates i/a corresponding to the iJ-factor in G x H will have the 
negative signs of their kinetic terms in the {G x H)/H GWZNW action. This can be 
considered to be a consequence of the negative sign in front of the if-terms in the GWZNW 



action in (|4.4| ). 



Since to prove (|4.4|) we did not make any field redefinitions, the established equivalence 
implies the equivalence of the corresponding 'reduced' cr-models obtained by eliminating 
the gauge fields from the GWZNW and GWZNW actions. In particular, the D = 3 models 
corresponding to the [5'L(2,IR) x IR]/IR GWZNW model (with the particular embedding 
of i? = IR) and >SL(2,IR)/IR GWZNW model are, in fact, equivalent. This provides the 
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general explanation for the observations made in [^|T^ (to the leading order in 1/k 
expansion) and in (exactly in the 1/k expansion) .0 

It should be noted that if we have started with the effective quantum action for 
{G X H) I H GWZNW model with a general embedding of an abelian H and with the vector 
gauging, the result would be equivalent to {G / H) x H which, however, bears no resemblance 
to the G/H CWZNW model. The reason is that under the vector gauge transformation 
g — > u~^gu, the yaS are invariant and therefore there must exist a field transformation 
which maps the action for the [G x H) / H GWZNW model to the corresponding action 
for the G/H x H one (this was worked out explicitly for the 5'L(2,IR) x IR"^"^/!! model 
in ill). 



5. (1,1) supersymmetric chiral gauged WZNW theory 

5.1. (1,1) supersymmetric GWZNW model 

Before a discussion of the (1,1) supersymmetric generalisation of the chiral gauged 



WZNW model ( p.4|) it is useful first to recall the supersymmetric version of the gauged 
WZNW case. We shall follow the manifestly supersymmetric (superfield) approach of 
(see also |^2|) and later compare this with the component formulation in connection 



with the = 1 superconformal coset models [ 

The (1,1) supersymmetric generalisation of the gauged WZNW action ( |2.2| ) is given 

by 

i{g,A)=i{g) + - [ dhd^Tt {ADgg^^ - Ag^^Dg + g~^AgA - AA) 

^ (5.1) 

= m - nk , 



^ An apparent disagreement in the exact values of the antisymmetric tensor couphngs in the 
two models observed in |17] can be interpreted as an artifact of the procedure of determining 



Bmn from the local part of the effective action. For the S'L(2,IR) x IR/M GWZNW model the 
antisymmetric tensor coupling is given just by the semiclassical expression [ p7| . The procedure of 
extracting it is not, however, completely unambiguous (for a detailed discussion of this issue see 
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where the gauge superfields A, A take values in the algebra of the subgroup H and 

A = Dhh'^ , A = Dhh-^ , 

. - , . . (5.2) 

g = h ^gh , h = h . 

The quantisation of the theory can be reduced to that of the two ungauged supersymmetric 
WZNW theories corresponding to the group and the subgroup 

Zgwznw = Jm[dA][dA] exp{-fc/ai)} = j [dg][dl] J ey.v{-klQ)+kI{h)} . (5.3) 

Here stands for the product of Jacobians of the change of superfield variables from A 
to h and from A to h (and includes also a gauge fixing factor). While in the bosonic case 
the corresponding product (regularised in the left-right symmetric way) is non-trivial and 
leads to the shift of the coefficient of the if-term in the action, in the (1,1) superfield case 
each of the Jacobians is proportional to a field-independent factor .i It is important to note 
that in the present case one should not include an extra local counterterm A A (needed to 
preserve gauge invariance in the bosonic theory) since here the Jacobians are trivial. 

The theory can thus be represented as a 'product' of the two (1,1) supersymmetric 
WZNW theories for the groups G and H with the levels k and —k. Since in the (1,1) case 
there is no shift of k at the quantum level the corresponding effective action is the 

same as the classical one (up to a field renormalisation) ||2^. To see this in detail at the 
component level, let us start with (|5.3| ), express it in the component notation and make 
the chiral rotations to decouple fermions from bosons (or, equivalently, integrate fermions 
out). Then 

Zgwznw = j [d~g] [dh] exp[-(fc - gG)/(^) + {k + gn)lCh)] ■ (5-4) 



^ This happens because the non-trivial contribution of the bosonic determinant is cancehed 
out by the contribution of the fermionic one (this cancellation is similar to that of the bosonic and 
fermionic contributions to the coefficient k of the effective action in the ungauged supersymmetric 
WZNW theory). In fact, as in the bosonic case, the Jacobian of the change of variables A ^ h can 
be expressed in terms of the path integral with the action J zd^ 6U {DV + [A, V]) , where U and 
V are superfields of opposite statistics. Rewriting this action in component fields and integrating 
them out, it is easy to see that this Jacobian is A-independent. 



20 



Ignoring the free-theory factors, we can represent the resulting theory as the product of 
the bosonic WZNW theories for the groups G and H with levels {k — gc) and {k — gn) 
(we separate the shift gn corresponding to the bosonic change of variable). 

The above approach can be compared with the one based on starting with the com- 
ponent formulation of the (1,1) supersymmetric gauged WZNW theory. One considers for 
both the 'left' and the 'right' movers the = 1 superconformal field theory based on the 
coset Hi? I 



X ^0(dim {G/H)), ^^^^ 

where the shifted level k = k — go is a result of the redefinition of the bosonic currents 
necessary to decouple the fermions [p6| [p7|. 



In ||3^ a Lagrangian formulation of the above models was given. One introduces 



free fermions 'i/'j "0 with values in the tangent space to G/H and couples them minimally 
to the gauge fields A, A. Then the corresponding path integral is given by 

Zgwznw= I [dg][dA][dA][d^][dM exp{-ko(^, A) - ko(V', A)} , 

^ . (5.6) 

/o(V', A) = ^ Tr {tljDij + i^Di^) , 

l-K J 

where the covariant derivatives are defined as 

D^d-[A, ] , D^d-[A, ] . (5.7) 

The explicit form of the infinitesimal supersymmetric transformations is 

5g = ieijjg + iegip , 5tl) = —l{g^^Dg + ' 
6A^6A^0 , 5ip = -t{Dgg-^ - itp"^] 

where the supersymmetry parameters are chiral, i.e. e = e{z) , e = e{z). Integrating over 
the fermions in ( [5.6|) and going through the same steps as in the bosonic case we finish 
with 

=N' [ mm exp{-klCg) + [k + (gG - gn) + 2gn]lCh)} , 

J ^ _ (5.9) 

g = h~^gh , h = h~^h , 
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\G/H 

\g/h 



(5.8) 



where the contribution of the fermions is proportional to gc ~ Sh • This expression becomes 
equivalent to { fi.4\ ) once the relation k = k — ga is being used. It is clear that after we 
perform the bosonic quantum shiftings in the G and H terms in ( ^.41) the quantum effective 
action one obtains is the same as the semi-classical one (cf. (|2.8| )) ||25|| , and the cr- model 
receives no 1/k corrections 



5.2. (1,1) supersymmetric CWZNW model 

Let us now repeat the above analysis in the case of the (1,1) supersymmetric extension of 
the chiral gauged WZNW action which is obtained by dropping out the AA term in ( |5.1J ) 

I^cwzNwi9.A) = iig) + - [ dhd^6Tr{ADgg-'-Ag-'Dg + g-'AgA) 

(5.10) 

^ i{g) - i{h-^) - i{h) , ~g^h-'gh. 
Instead of (|5.3|) we now get 

^cwzNw= [dg][dA][dA] exp{-/c/^^^^^^^(^, i)} 

. . (5-11) 

[d~g][dh][dh] J exp{-klCg) + ki{h~^) + ki{h)} , 

where the Jacobian is the same as in ( ^.3|) , i.e. is trivial. As a result, the theory can be 
represented as a product of the three (1,1) supersymmetric WZNW theories for the groups 
G, H and H with the levels /c, —k and —k. Using the (1,1) supersymmetric analog of 
S, i-e. 

. , G t X SO (dim (G / H))i , . . . 

{G/Hf^^^^ CWZNW = ^ ' " X ii"_fc„_2gH X ^0(dim H)i , (5.12) 

fe+gG-gH 

where /c/f = ^ — gH, it can also be interpreted as a 'product' of a supersymmetric gauged 
WZNW model and a supersymmetric WZNW model. Because of the particular structure 
of the levels of the various factors it is expected, as in the case of the (1,1) supesrymmetric 
WZNW model |]12|, that the effective quantum action will receive no l//c corrections. As 



in the case of (1,1) supersymmetric gauged WZNW case, one should be able to reproduce 
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the result ( |5.11j ) using the component approach. Since the bosonic CWZNW action is not 
gauge invariant, the fermionic partners of the bosons g here take values in the algebra of G 
itself and not in the tangent space to G/ H as in the GWZNW case (|5.6|) , i.e. ifj^ifj E C{G). 
Then the path integral corresponding to the (1,1) supersymmetric CWZNW model is 

Z^cwzNW= [[d9][dA][dA][di;][dij] exp{-kh{g, A) - kIo{ij, A)} , 

. (5.13) 
/o(V', A) = ^ d^z Tr {il^Di; + i^D^;) , 

ITX J 



where the covariant derivatives were defined in (|5.7|) . The explicit form of the infinitesimal 
supersymmetric transformations is 

5g = ieipg + iegip , Sip = —e[g~^{dg — Ag) + dhh~^ + , 

(5.14) 

M = M = , 5ij = -e [{dg + gA)g-^ - dhh-^ - itP^] , 

where the supersymmetry parameters are chiral, i.e. e = e{z) , e = €{z). Expressed in terms 
of the three superfields g, /i, h the CWZNW action is manifestly (1,1) supersymmetric. 
The supersymmetry is preserved if one integrates over h, h obtaining the effective action 
(or, up to non-local terms, a cr-model ) for g. Integrating out only the fermionic partners 
of h and h (or of A and A) while keeping the bosonic fields h, h one gets the action in 
( ^.13|) . The fields are the fermionic components of the 'rotated' superfield g in ( |5.10|) , 
( ^.11|) , i.e. they are the combinations of the original fermionic partners of g,h,h. As 
we see from ( |5.14| ) the action ( |5.13p lacks a linearly realised supersymmetry. The formal 
supersymmetry transformation laws are non-local being expressed in terms of A, A (but 
local in terms of h, h). They become local once one integrates out A, A. 

As in the GWZNW case ( ^.9| ) the combined contribution of the integrals over the 
fermionic partners of g and A, A is proportional to go — gn (the latter has the opposite 
sign since it may be thought of as originating from the measure). Not including (as in 
the bosonic CWZNW case) the local AA - counterterm in the results for both the bosonic 
Jacobian and the fermionic determinants we find (cf. ( ^.9|) ) 



Z^cwzNW=N' j [d~g][dh][dh] exp{-A;/(^) + [U(gG-gH) + 2gH][/(/i-')+/(/i)]} • (5.15) 
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After one uses the relation k = k — gQ this expression becomes equivalent to the component 
form of with the fermions integrated out (cf. ( |5.4| )) 

Z^cwzNW = N' J m[dh][dh] exp{-{k - gG)I{~g) + {k + gn)[I{h-') + I{h)]} ■ (5.16) 

It is now straightforward to write down the expression for the effective action in the chiral 
gauged (1,1) supersymmetric WZNW theory. Using either the representation in terms 
of the ungauged supersymmetric WZNW theories (|5.11| ) or the equivalent formulation in 
terms of the ungauged bosonic WZNW theories ( |5.16| ) we get the following expression for 
(the bosonic part of) the effective action (we omit non-local terms originating from field 
renormalisations |l25[| ) 

^cwzNwid: A) = kl{h~'gh) - kl{h-') - kiCh) . (5.17) 

As in the ungauged supersymmetric WZNW theory, but in contrast to the result in the 
bosonic CWZNW theory, here there are no shifts in the overall coefficients of the G- and 
H- terms in TcwzNW- The local part of the effective action of the (1,1) supersymmetric 
CWZNW model is equal to the classical action of the bosonic CWZNW theory ( p.4|) , 

^cwzNwi9^A) = k[l{g) + ^ j d'^zTi [Adgg-^ - Ag-'dg + g^^AgA)] , (5.18) 

i.e. in contrast to the bosonic case ( p.4|) it does not contain the quantum correction term 
proportional to 6 = As a consequence, the exact form of the bosonic part of 

the corresponding a-model is equivalent to the 'semiclassical' form of the cr-model in the 
bosonic theory. This result is similar to the one found for the (1,1) CWZNW theory, in 
agreement with the equivalence (|2?22D between CWZNW and {G/H) x H CWZNW models 



which was established in the bosonic case and with similar relation ( p.l2|) in the super- 



symmetric one. The quantum Hamiltonian corresponding to the (1,1) supersymmetric 
CWZNW model has the same form as the classical bosonic one, i.e. ( ^.10| ) in the /c — > oo 
limit (we consider the case when the left and right subgroups are the same) 

'^'cwzNW = Jg ^ Jr ~ Jh = 2^ Jg ~ '^Jr ] + i^i Jg~ 2J|f ]. (5.19) 
Note again that this Hamiltonian is not equal to the sum of the Hamiltonians of the left 
and right G/H coset models because of the extra coefficients 2 in front of the subgroup 
current terms. 
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6. (1,0) supersymmetric chiral gauged WZNW model 

Let us now turn to a less trivial (1,0) supersymmetric theory, which is to be related to 



the heterotic string a-model . We are going to repeat the previous analysis, replacing 



(1,1) superfields by (1,0) ones. Part of the discussion will be similar to that in |2^]. It 



was concluded in that since the direct (1,0) truncation of the (1,1) supersymmetric 
GWZNW theory is anomalous, it does not describe a consistent heterotic string back- 
ground. Here instead we shall start with the (1,0) supersymmetric extension of bosonic 
(or truncation of (1,1) supersymmetric) chiral gauged WZNW model. Since we shall give 
up the gauge invariance and will not reduce to G/H already at the classical level, no 
contradiction will be found at the quantum level. As we shall see below in Section 7, 
the resulting model provides a non-trivial example of a heterotic string solution that is 
not effectively (1,1) supersymmetric (as were solutions in [|22[ j) but still has a well defined 
conformal field theory counterpart. 

6.1. Component approach 

To illustrate the point that the 'anomalous' contribution of Weyl fermions does not repre- 
sent a problem in the CWZNW case it is instructive to start with a heuristic discussion in 
the component approach. Using the component form of the action of the (1,1) supersym- 
metric CWZNW and dropping out the right component (?/') the fermionic fields we shall 
add instead some 'right' internal fermions ij)^ which are not coupled to A, A (but may be 
coupled to a background target space gauge field which in the present case we shall set 
equal to zero) and do not transform under supersymmetry. Then we get 

4™vK(^7'AV'>')=/ciyzw(^7,^) + ^ j (fzTh:{i;D^) + U^t{i;') . (6.1) 

If one changes the bosonic variables from A, A to h,h (without introducing the local AA- 
counterterm) and integrates over the fermions i/j, ip^ one finds the following expression for 
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the quantum partition function 

= / [d9][dh][dh] eM-klih-'gh) + (k + 2gn)[I{h-') + /(/i)] + (go - gH)/(/i)} 

= / [d9][dh][dh] exp{-kl{~g) + [k + 2gH + (gc - gH)]/(/i) + {k + 2gn)I{h~')}. 

(6.2) 

Here the (gc — gH)-term is the fermionic contribution. This expression is to be compared 
with ( p.l5| ), (|5.16| ) found in the (1,1) supersymmetric case. Using /c = /c — gc as in the 



1^1,1) supersymmetric easel we find 

4™vK = j[d~g][dh][dh] exp{-(A;-gG)/(^) + (A:-gG+2gH)/(/i-^)+(A;+gH)/(/i)}. (6.3) 



To get the effective action corresponding to ( |6.3|) one is to make further (bosonic) shifts of 
the levels. Up to a non-local field redefinition we get (cf.( |2.16| )) 

^cwzNW (9. A) = kl{~g) -{k-gG + g^)I{h-^) - kl{h) 

(6.4) 

= kIcwZNwig, A) + (gG - gH)w(A) , 

where u was defined in ( |2.18| ). We conclude that in contrast to the (1,1) supersymmetric 
model, in the (1,0) supersymmetric case there is a non-trivial quantum correction in the 
effective action (or in the quantum Hamiltonian of the corresponding conformal theory). 
The expression ( |6.4|) can be obtained from its bosonic counterpart (|2.16| ) by dropping out 



the A-part of the quantum correction term and replacing the shifted k by the unshifted 
one in the classical term. 

According to (|6.3|) the bosonic sector of the (1,0) theory is represented by a combi- 
nation of the three WZNW theories for G, H and H. Comparing (6.2) with (5.11) we 
can interpret this theory as a 'product' of the supersymmetric {G/H)k = Gk-g^/Hk-g^ 
GWZNW model and the bosonic H-k-g^ WZNW model (cf.(2.16)). Since the resulting 



^ The shift of k that occurs in the (1,1) WZNW model must still be present in the (1,0) case 
since going from superfields to components we still get the coupling of the Weyl fermions to the 
^-dependent current and, as a result, the anomalous contribution that shifts the coefficient k of 
the bosonic term in the action. 
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theory is not (1,1) supersymmetric, it is not surprising that here we will have non-trivial 
1/k corrections in the effective action (and, as a result, in the corresponding target space 
background fields) .0 We shall return to the discussion of the effective action ( |6.4| ) in 
Section 7 below. 

6.2. Superfield approach 

Let us now support the above component analysis by using directly the (1,0) superfield 
formulation. To obtain a manifestly (1,0) supersymmetric CWZNW action one starts 
with the (1,1) supersymmetric action (5.10) and truncates the (1,1) superfields to (1,0) 
superfields (in the heterotic string context we should also add the internal (1,0) superfields 
which will not, in contrast to the case considered in P^, be important in the present 
discussion). The resulting action is 

IcwzNwi9^A,<f) = (^) + ^ J (fzde Tr [Adgg-^-Ag-^Dg+g-^AgA) , (6.5) 

where I^^'^^ denotes the (1,0) supersymmetric WZNW action 

/(i'0)(^) ^ i- y" (fzdei Tr [Dg-^dg) - i j dt[g-' Dgrg-'dtg]g-^dg } , (6.6) 

and 

lint = j d^zde^^D^ , g = exp(TAX^) , = + OtP^ , = tjjL + Of , 

A = x+ + OA = Dhh-\ A = A + Ox- = dhh'^ . (6.7) 
We get the following path integral 

4™vK = jidmmkj' eM-kI^'''Hh-'fh)+k[l('''\h-')+I^^^^^ , (6.8) 



Note that the quantum correction in (6.4) is absent when G = H. In this case the theory 
effectively reduces to the (1,0) supersymmetric WZNW theory. 
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where J' is the product of Jacobians of the two changes of variables A —>■ h and A ^ h. 
As discussed in the first Jacobian is essentiaUy the same as in the bosonic case while 
the second one is still trivial as in the (1,1) supersymmetric case. Therefore, 

+ + + 2gH/(''°)(/i^')} . (6.9) 

There is also an extra anomaly term originating from non-invariance of the path integral 
measure under the (1,0) superfield rotation of g so that the final result is 

Z^cwzNW = j[d9][dh][dh] exp{-fc/(i'°)(|) 

+ fc[/(i'0)(/i"') + - (gG - gH)/(''°H/i"')} ■ (6-10) 

The corresponding superfield effective action 

^cwzNw = ki^cwzNwia.A) + (gG - gn)i^'^'\h~') (6.11) 

is thus perfectly consistent with the expression (6.4) found above in the component ap- 
proach. 

In the case of CWZNW model with two different subgroups Hl and its (1,0) 
supersymmetric extension is different from the (0,1) one.0 The corresponding (bosonic 
parts of) Hamiltonians of the (1,1), (1,0) and (0,1) supersymmetric CWZNW models can 
be found using the general expressions (3.1), (3. 4) (cf.(3.11),(5.16)) 

'^cwzNW = 2 ["^G ~ 2J^^] + - [Jq- '^JhJ = 2^Jg - Jhl ~ "^hJ 5 (6-12) 

^ «;-(gG-gHLj ^ 

Using such models for the construction of the heterotic string solutions we need to compensate 
for a mismatch between the numbers of left and right bosonic degrees of freedom (see the remark 
at the end of Section 2.1). 
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4- ,_J_,„y &.-JL. (6.13) 



^O'l) -lr72_272 1 I ^[72 2 k j2 1 



Note that the Hamiltonians for the 'heterotic' cases (6. 13), (6. 14) are equal to the combi- 
nations of the left and right parts of the Hamiltonians of the bosonic and supersymmetric 
CWZNW models and not of the Hamiltonians of the bosonic and supersymmetric coset 
G/H models. The important difference is also that here the configuration space is not 
reduced to G/H but remains the group space itself. In contrast to a naive 'left plus right' 
combination of the bosonic and supersymmetric coset models the above models are well 
defined. 



7. Heterotic string solutions corresponding to the (1,0) supersymmetric chiral 
gauged WZNW model 

Let us now use the (1,0) supersymmetric CWZNW model as a basis for a construction 
of the heterotic string solutions. As in the bosonic or (1,1) supersymmetric GWZNW case 
the idea is to treat the 2d gauge field as an 'auxiliary' variable and thus to eliminate it 
from the (effective) action obtaining the cr-model for the 'observable' coordinates of the 
configuration space {G/H in the GWZNW case and group space G in the CWZNW case). 
In the case of bosonic CWZNW model this was already discussed on particular examples in 
T^[16] and in general in [17|. If we start with the (1,0) supersymmetric CWZNW theory 



the resulting cr-model is bound to be conformal and (1,0) supersymmetric and therefore 
to represent a solution of the heterotic string theory. 
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7.1. General expressions for the background fields 

As follows from the comparison of the corresponding effective actions ( |2.16[ ), ( |5.18| ) and 
( |6^) the semiclassical (or leading order in l//c) expressions for the background fields are the 
same in the bosonic, (1,1) and (1,0) supersymmetric CWZNW cases. Like the bosonic one, 
the heterotic solution is modified by the 1/k (or a') corrections. The generic expression 
for the effective action can be represented in the form (cf. (|2.1|), (|2.2|) , ( |2.15| ), (|2.16|) , ( |3.2|) , 

(ED) 

T{g, A,A) = k[ I{g) + - [d^zTt{A dgg-^ - Ag'^dg + g^^Agl - AA) 

r (7.1) 

+ ^ d'^zTv (AA) - buj{A) - bO{A) ] , 

where the values of the constants a, 6, b corresponding to the bosonic GWZNW and 
CWZNW models were given in (^), (0). The heterotic or (1,0) CWZNW case is inter- 
mediate between the bosonic and (1,1) supersymmetric CWZNW ones (in the latter case 
K = k, a = 1, 6 = 6 = 0) 

K = k, a = l, 6=-i(gG-gH), 6 = 0. (7.2) 

The derivation of the u-model corresponding to the general effective action ( [7.1| ) which 
encompasses all known GWZNW and CWZNW cases is given in Here for simplicity 



we restrict the discussion to the heterotic case ( |6?^ ) or ( fOI ) with ([7.2|). Dropping out the 
higher order non-local 0{A'^) terms in uj{A) (since they do not affect the derivation of the 
local part of the a-model action ||2^) we obtainlil 

r(i'0)(^7, A^) = k [Iig) + l I d'z Tr [Adgg-^ -Ag-'dg + g'^AgA+^bA^A)] . (7.3) 
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This is equivalent to approaching the point particle limit of the theory, in which all non-local 



terms drop out, and then restoring formally the Lorentz invariance [27|. 
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Introducing the notation (T^ = {TaiTi) are the generators of G; are the generators of 
H\ A — da] a = 1, . . . , dn] Vab is negative definite in the compact case) 

A = A'^Ta , Cab = Tr (TAgTBg-^) , IV (TaTb) = vab , 
Ja = Tr (Tag-^dg) = LaM{x)dx^' , Ja = - Tr {Tadgg-') = RaM{x)dx^ , 
Ja= Tt (Tag-^dg) = LaM{x)dx^ , Ja = - Tr (Tadgg-^) = RaMix)dx^ , 

-n-M — ~^ B-I^M ' ^ ^BD — Ob i 

we find the foUowing solution for A"-, A"- 



(7.4) 



A=(C'^)-V, A^C-^J -b{C^C)-^J + ... , C=(C„fa), (7.5) 



where dots stand for non-local terms. Inserting (|7.5|) back into the action (|7.3|) we get for 
the local part of the effective action (^ 



(<7, A A) = k {lig) + ^ I d'z Tr [-JC-' J + hj{C^Cr' J]} . (7.6) 

Identifying this action with (the bosonic part of) the heterotic a-model action we obtain 
the exact expressions for the target space metric and the antisymmetric tensor coupling 

Six) = r[lf\g) = ^jd'z gMN{x)dx^'dx'' , (7.7) 



where 

GmN = Q{MN) = GqmN — 2M abL^^M-^N) + ^(-^ abL%[Lj^ , 



BmN = Q[MN\ = BqmN — 2M ^ abL'^M-^)^] ' ^ab = Cab , 

where Gqmn and Bqmn are the original WZNW (group space) couplings, 



(7.8) 



Gqmn = —VabL^L^ , '^Q^kBomn] = L^Lf^L%fABC ■ (7.9) 

We conclude that the exact expression for the metric contains only the leading (two-loop) 
correction (recall that b = — (gc — gH)/'^) while the antisymmetric tensor is the same as 
in the semiclassical approximation. It is easy to see that the determinant of the matrix in 

31 



the quadratic {A, A)-term in ( fOp does not depend on b and thus the expression for the 
dilaton also remains semiclassical 



= ,^0 _ 1 In det M . (7.10) 

Note that the 'measure factor' v^exp(— 2^) stiU does not receive quantum corrections 
since one can prove (cf. ||2^|]T^) that G = det Gmn does not depend non-trivially on 



b (there is only an overall 6-dependent factor). It is also clear that when G = H we get 
just the WZNW model with the opposite sign in front of the first term in the action: 
Gmn = —GqmNi Bmn = Bqmn (the dilaton in ( |7.1UD is then constant since according to 
|det Cab \ = 1). 



These expressions are to be compared with the (1,1) supersymmetric (superstring) 
CWZNW case where all the fields are given by semiclassical expressions as well as with 
the bosonic CWZNW case |T^ where all the fields in general receive quantum corrections 



to all orders in the 1/k expansion.ll3 

What is the geometrical interpretation of the resulting spaces? These are some 'defor- 
mations' of group spaces with the matrix C playing the role of a deformation 'parameter'. 
The deformation is related to the presence of a non-trivial dilaton which, in turn, is nec- 
essary in order to satisfy the cr-model conformal invariance conditions once the model is 
perturbed from the original (group space) conformal point. It should be stressed that the 



' J^-perturbation' of the WZNW model in (|7.6|) is not in general of an integrably marginal 



type; the 'perturbed' model is conformal only for the specific function Cab{g) that appears 
in the CWZNW model. 



For completeness, let us also recall that in the GWZNW case the semiclassical (6 — > 0) 
expressions for the corresponding background fields are formally the same (before projection on 



G/H) as in ( |7.8| ), ( [7.10 ) with Mab = Cab — Vab- However, in this case the residual gauge invariance 



of the model demands gauge fixing, i.e. reducing the configuration space to G/H. 

32 



1.2. Basic D = 3 example: heterotic >SL(2,IR)/1R CWZNW model 

Since the (T-model configuration space in the CWZNW case has dimension D = dim G 
the first non-trivial example of the heterotic solution based on CWZNW model is found 
for G = SU{2) or 5'L(2,1R). The form of the a- mo del corresponding to the bosonic 
5'L(2,1R)/1R CWZNW theory was determined in |[T^]|jT^ and it was noted that this model 
is closely related to a specific hmit of the [SL{2,M) x 1R]/IR CWZNW theory (see 



Section 4) . Let us first recall the exact expressions for the background fields in the bosonic 
model. In the bosonic case the exact metric, antisymmetric tensor and dilaton are given 

by m 



ds^ = dr dx"^ + 



z + b z~h 4(;z2_i) ' 

<^ = '^0 - ^ In - h") . 
where h = — (gc — = 2/(/c — 2) (and a' = l/{k — 2)). In the heterotic case (6 = 2//c, 

a' = l//c) we get the semiclassical expressions for the antisymmetric tensor and the dilaton, 
i.e. 

= --, (t) = (t)Q~]-\nz , (7.12) 

z I 

while the metric one finds from (7.8) 

ds^ = dt^ dx^ + 



2 



4(2 

-^[(2-1) dt+{z + l) dx]'' 



(7.13) 



222 

contains a non-trivial O(ct') correction term. 

It is useful to give the explicit derivation of the expressions for the bosonic and het- 
erotic SL(2, IR) /IR backgrounds using the following parametrisation of the SL{2, IR) group 



The variables t, x in (7.11) have been rescalled with respect to the original 'classical' variables 
of the SL{2,JR) group element, i.e. {t,x) (2/(6+ 1)) {t,x). The corresponding rescaling in 
(7.13) is {t,x) V2{t,x). 
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elementlll 

^ ^ gfe^asgiraigle^aa ^ 6'l = 6' + 6», 6'^ = ^-^. (7.14) 

Taking A, A to be in the U{1) subgroup generated by ^a2, the classical CWZW action 
(2.4) can be represented in the form 

Si{g, A) = kh{g, A) = ^ [ dh[ hdrdr - dOLdOL - d9Rd9R - 2C dOLdeR) 

It: J I 

-A{mR^C mL)^A{deL^C deR)^CAA \ , C = C(r) = coshr . (7.15) 

The effective actions corresponding to the bosonic and (1,0) supersymmetric CWZNW 
theories (2.16) and (6.4) (or (7.1) with (3.4) and (7.2)) in the present model are particular 
cases of (here the subgroup is abelian so the quantum terms are bilinear in A,A^ 

Y{g, A) = ^ ld^z\ Udrdr - ddi^ddi^ - ddRddR - 2C ddj^ddR) 
l-n J 1 

-A{deR + C BOl) + A{deL + C BOr) + CAA + \hA^A + \hAiA ] . (7.16) 

Eliminating A, A from (7.16) and dropping out the non-local terms we get the following 
a-model action 

s{r, OL^eR) = ^J (fz[drdr + {1 + b){c^ + b)v-^deLdeL + {I + b){c^ + b)v-^deRdeR 

+ il + b){l + b)CV-\d9Ld9R + deRd9L) + {l-bb)CV-\d9Ld9R-d9Rd9L)] , (7.17) 
where the function V and the dilaton are given by 

V = C^-bb, (j) = (j)Q-] \nV . (7.18) 



This parametrisation was used in and also in [ p6[ . The discussion that follows is very 
close to that in [ p6[ where the case of the SL{2,JR)/U{1) GWZNW model was considered. Note 
that in our present notation the sign of A was changed. 

Comparing with Section 7.1 note that here we use a different normalisation of the generators: 
the generator of the subgroup is T = so that Tr = \ ■ 
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In terms of the coordinates r, 9, 9 

S{r, 9,9) = ^ j (fz[drdr + Geed9d9 + 0^^8909 

+Gg^{d9d9 + 8989) + 3^^^(8989 - 8989)] , (7.19) 

Gee = (C - 1)[(1 + 6)(C - 6) + (1 + 6)(C - b)]V-^ , (7.20) 

Gee = iC + l) [(1 + b){C + b) + {l + b) {C + b)]V-' , (7.21) 

Ggg- = (6-6)(C2 - l)y-\ Bqq = 2{1 - bb)CV-^ . (7.22) 

If we identify a' with 1/k as in (7.11) (so that Gmn and Bmn are to be multiplied by 
1/4) then in the bosonic case (6 = 6 = 2/(/c — 2) = 2a') we get 

4ds^ = dr- + 2(1 + b) [^^d9^ + ^^d9^] , B,, = , (7.23) 

while in the heterotic one [b = 2/k = 2ct', 6 = 0) 

4ds^ = dr^ + (1 + bC-^)d9l + (1 + b)d9ji + 2(1 + b)C-^d9Ld9R 

= dr' + 2^[1 + b^]d9^ + 2^[1 + b^]d9^ - 2b^^d9d9 , (7.24) 

Boo = ^ ■ (7-25) 

The backgrounds (7.23) and (7. 24), (7. 25) coincide in the semiclassical (6 = 0) limit and 
are related to (7.11) and (7.13) by the coordinate transformations 

;2 = C = coshr, t = i[^(l + 6)]^/2^ , X = i[hl + b)]^^^9 , (7.26) 

and 

2 = C' = coshr, t=^9, x=^9. (7.27) 

The metric (7.24) has rather peculiar 'heterotic' (left-right asymmetric) form. For com- 
parison, let us recall the exact form |jl^[^ of the 'charged black string' background ^8 
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(corresponding to [SL{2,JR) x IR]/1R gauged WZNW theory) represented in the same co- 
ordinates r, 9, 9 



Ads'" = dr^ + 2(1 +p + b)-^^—d9^ + 2{l-p + b)-^-^^d9'' , (7.28) 

C + p + b C + p — b 

Bee = o!^!!°^^ ^ <l> = <j>o-]ln[{C+p-b){C+p+b)], p = po+b , po = l+a\ (7.29) 

^[(-^ +P0) 4 

where a is the parameter that governs the embedding of the subgroup (for a = 
(7.28), (7.29) reduces to the exact D = 2 black hole background |n[).0 Note also that the 
S'L(2,1R) group space background is (see (7.15)) 

Ms^ = dr^ + 2{C - l)d9^ - 2{C + l)d9^ , B^g = ^C' , ((> = (po . (7.30) 



8. Concluding remarks 

There exist five distinct classes of conformal cr-models associated with gauged or chi- 
ral gauged WZNW models: (1) models corresponding to bosonic G/H gauged WZNW 
theories; (2) models corresponding to bosonic G/H chiral gauged WZNW theories; (3) 
models corresponding to (1,0) supersymmetric G/H chiral gauged WZNW theories; (4) 
models corresponding to (1,1) supersymmetric G/H gauged WZNW theories; (5) models 
corresponding to (1,1) supersymmetric G/H chiral gauged WZNW theories. For all these 
models the exact dependence of the couplings (background fields) on a' is known and is 
different in different classes. The background fields in the first two classes depend non- 
trivially on a' (contain terms of all orders in expansion in a'). There is only one 0{a') 
term in the metric in the third class while the dilaton and the antisymmetric tensor are 
Qf'-independent (i.e. semiclassical) . The fields in the last two classes do not depend on a'. 
The backgrounds of the first and fourth classes coincide in the a' —>■ limit (the same is 



To derive (7.28), (7.29) one is to add to the 5L(2,]R)/]R GWZNW action an extra scalar 
scalar term {dy — aA){dy + a A) and then fix y = as a gauge. The resulting effective action will 
be (7.16) with CAA-tevm replaced by {C + p)AA (cf. (4.5)). 
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true for the backgrounds of the second, third and fifth classes). The cr-models associated 
with gauged (chiral gauged) WZNW theories have the configuration space of dimension 
equal to dim G/ H (dim G). In the case of the abelian subgroup H the models of the sec- 
ond (fifth) class are equivalent to a particular subset of models (axially gauged (G x H/ H 
with a special embedding of H) in the first (fourth) class. The heterotic string solutions 
are represented by the models of the third class (and also by the models of the fourth class 
'embedded' into the heterotic string theory by introducing an extra gauge field background 

The conformal invariance of the simplest {D = 2) 5'L(2, lR)/t/(l) model of the first 
class was checked explicitly to a'^ [^(and a'^ |^) order. In we have checked that 
the simplest {D = 3) background (7.11) of the second class solves the a-model conformal 
invariance conditions in the a' and a'^ approximation. Though there are no doubts that 
the heterotic background (7. 12), (7. 13) of the third class solves the corresponding heterotic 
cr-model conformal invariance conditions (or, equivalently, the heterotic string effective 
equations) it may be of interest to check this directly in the ct'^ approximation. There 
exists a scheme in which the G, B, (^dependent part of the a'^ term in the heterotic 
string effective action is given by one half of the a'^ term in the bosonic string effective 
action plus the non-covariant contribution a'H{uR — ^uuu) coming from the Lorentz 
Chern- Simons modification of if = dB. In contrast to the bosonic case, there is no 
(modulo a field redefinition) explicit 0{a'^) term in the heterotic string effective action. 
Though the metric (7.13) contains only the two-loop correction, this does not of course 
imply that the string equations will be automatically satisfied to all higher orders. 

The backgrounds corresponding to the chiral gauged G/H WZNW theories discussed 
in this paper may be of interest from the point of view of a possible cosmological or black 
hole - type interpretation. There are two cases when the resulting space-time metric 
has the physical signature. If the group G is compact then according to the equivalence 
relation ( 2.22 )we can get just one time-like coordinate if a compact subgroup H is one- 
dimensional, i.e. is U{1). If G is non-compact, but H is compact, one can consider the 
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non-compact coset G-k/H_k and require that the corresponding cr-model has just one 
time-hke coordinate. Since H appears in (|2.22|) with level k — 2gH we will get no additional 
time-like coordinates as long as the condition k > 2gH is satisfied.lii 

Acknowledgments A. A. Tseytlin is grateful to A. Giveon, E. Rabinovici and M. 
Shifman for useful discussions and would like to acknowledge also a support of SERC. 



This counting argument apparently does not depend on whether the 'auxihary' fields are 
integrated out or not. All single time coordinate models characterised by G/H cosets based 
on simple as well as direct product non-compact groups are classified in [^ P]. The com- 
plete list of chiral gauged WZNW theories with one time-like coordinate is: SU{p, q)/ SU{p) x 
SU{q), SO{p,2)/SO{p), Sp{2p,]R)/SU{p), SO*{2p)/SU{p), Ee/SO{W) , Ej/Ee. One can 
also take direct products of the above models with any WZNW or GWZNW theory with no time- 
like coordinates. The lowest-dimensional examples have D = 6, i.e. SO{2, 2)/ S0{2) CGWZN and 
SO* {A) / SU {2) CWZNW (in both cases it is assumed that the overall coefficient in the action is 
negative, i.e. —k). 
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